CHAPTER 2
Problem 2.1

d
a) e_th—::: = y_l(l — e—Zt); y(O) -0

ydy = eZt(l - e_Zt)dt =>> %yzlg e fot(eZt _ 1)dt
1.2 _ (12t t
Y = (Ee - t) lo

y=+e2t—2t—1

dy
b) = =ycos@® +y;  y(0) =2
[} 2 = [i(cos(®) + Ddt =>> I = (sin(e) + Ol

In (%) =sin(t) +t

y = 2 exp[sin(t) + t]
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)= YO =2
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fzyydy = fo(t+2)dt =>> Eyzg :Etz +2t|6
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Letu =t with u(1) = 3
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— — u g (t — — 2

— =2t =>> [Fdu=[2tdt =>> u=t*+2
ay  _ Y oo _ t _

u=t?+2=t— =>> [Tdy=[(t+2t7")dt
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d _ l;
e)d—tf=32e . y(0)=1;y'(0)=0

d [dy
—|=| = 32e
dt dt] ¢
Letu =2
dt
Then, % =32e7%; u(0)=0
u tom 32 _ 32 _ 32
J, du= [ 32e7dt =>> u= - 4t = —e 4t +=
dy
—_ 7 — 8_8 -4t
u=— e

fly dy = fot(8 —8e™)dt =>> y—1=8t+2e *|, =8t +2e7* -2

y=8t+2e -1

1dy_ . 0) = 1

y dy t _ 1 _ 1
/; S = Jyt?dt =>> In(y) | = §t3|6 =>> In(y) = 5t3
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= — =>> —— = — - =>> — - —_ = -
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112t — _
y—z(e +1) =>> vy

e?t+1

d
h) d—)t]— 2t+1Dy=0; y(0)=2
2=y@t+1) =>> fydy [{@t+Dde =>> InG) [} = (> + 0

Y\ = ¢2 = — 9, (t2+t)
ln(z) t“+t =>> y=12e

d
i) d—}t]+4ty2 =0; y(0)=1

y dy _
[ 5=y aede =>> —Jf = —2¢%6
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Y =1+ 2t2
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), d—f— cos(;); y(0) =0; y'(0) =1

Letu = d—y, then
dt

du_ t . 0) =1
() w0

u t t
jduzJ cos(§>dt
1 0
—1+251n<£)
= 2
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Y 4 s2sin(L); yo)=o0
dt_ Sln<2>, y =

foydy: fot(1+251n () ae



= (t—4cos(3)) 1 =t —4cos3) +4
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Problem 2.2
au_ vz _ —
a) o =Y 1 &= linear
du = (y* — dy
— iyt
u= 3)’ y
ar .
b) -~ = —0.0002(T — 5) <<= linear
L = —0.0002dt =>> In(T —5) = —0.0002t + C,
T =5+ C e %0002t \where C = e
c) di;—ix) = e2Y <<= nonlinear
e ?Vdy =dx =>> —%e‘zy =x+C
1
y = —Eln(C — 2x)
d) 2—1: =u?cos(mt) u(0) = —% <<= nonlinear

udu _ rt _ 1y _ 1 . t
f_%; = [, cos(mt) dt =>> Zl—% = —sin(mt) |
1

u=-—7
—Esin(nt) — 2

2 —
¢) ﬂ:[y +4y-5

t <<==nonlinear
dt y



jﬁdy:jtdt

Use Partial Fraction to simplify the first integrand.

y A LA

y’+4y-5 y-1 y+5

and from here A = % and A, = g Therefore,
5/6
j Sdy+ j —dy = [tat

1 5 1
ZIn(y-D+=In(y+5)==t*+C
5 (y-1) 5 (y+5) >

f) z_ttizus+6uz+llu+6 <<== nonlinear

1
du = | dt
-[u3+6u2+11u+6 y -[
Use Partial Fractions to simplify the first integrand.

1 A LA LA

u® +6u? +llu+6 u+1 u+2 u+3

and from here A =%; A =-1;and A, =%. Therefore,

'[1/2 du—'f ! du+I£du=Idt

u+l u+2
1 1
Eln(u +l)—|n(u+2)+§ln(u+3):t+C

Problem 2.3

_10c:S dc?®
12+C°  dt




Using Separation of Variables,

s S s s

[0 2 ges—12]° Ldc+0af_dc = a
13.33 10C 13.33C 13.33 0
and after evaluating the integrals

t=4.44-1.2InC° —-0.1C®

Problem 2.4

dy(t)
dt

T + y(t) = Kx(t)

fy(t) dy(t)

yit) _
y(0) Kx(t)- y(t) f dt =>> In[Kx(t) —y(¢)] |y(0) o

In[Kx() = y(©)] = In[Kx(€) = y(0)] = — =

Kx(®) —y() _ ¢
Kx(®) - y(0)

t

y(t) = Kx(t) — [Kx(t) —y(0)]e =
and using x(t) = x(0) + D,

t

y(t) = K(x(0) + D) — [K(x(0) + D) — y(0)]e =

and with y(0) = K x(0),
y(t) =y(0) + KD — [y(0) + KD — y(o)]e-§

y(t) = y(0) + KD (1 — e_%)

Problem 2.5

2% +4v = 16u(t) with v(0) =0

d t1 1 1
{2 = [fldr =>> —lIn(16-4v) |5 =3t

t



In(16 — 4v) — In(16) = -2t =>> In (161_64v) = —2t

v=14(1—-e"%)
Problem 2.6
i, = 1.43 x 10~*v, + 0.286i, (1)
2 x 107322 + 214280, = 0.286v,  (2)
From (2): 9.3 x 107852 4 i, = 1.33 x 10”57,
where T=93x107%ec, and K =133x1075=
_t
From Problem 2-5, i, =i,(0)+KD (1 —e r)
ot
i, = 2.66 X 10~* + 0.000267 (1 —e 9.3x1o-8)
From (1):

t
ii=572%x107*+0.76 Xx 107* + 7.64 X 10~° (1 — e_9-3><10‘8>

t
iy =57.96x10"*+0.76 x 107* (1 — e_9-3><10‘8>

Problem 2.7
0.3768X 1—L LS
18.91 dt
Using Separation of Variables,
_ax 0.3768dt
X
X|1-
( 18.91)
dX

———=0.02dt
X (18.91-X)



Using Partial Fractions Expansion,

1t A A
X(1891-X) X 1891-X

1 (A —A)X +18.91A
X(1891-X) X (18.91-X)

Equating equal terms yields,
A =A, =0.053
Then,

dX d X
j.9>.<527 * J‘g);z M} - 0'02.[; dt

In 0.986X
18.91-X

0.053{

} =0.377t

18.91e%¥"
" 0.986+ %"

Problem 2.8

6.915C, /1000 - P(t) =1.08%

Using Separation of Variables

dP(t)  6.915C,

J1000-P(t)  1.08

And using the information given in the statement

ISOO dP(t) ~ 6.915C, I;dt

w f1000-P(t)  1.08
%0  6.915
—2,/1000— P(t)\100 == 08CVt

And solving for C,, C, =0.596

4

0



Problem 2.9

dc”

- -85.28(C*f(0.132+0.5C*)
Using Separation of Variables,
. dc” =-85.28dt
(C*)'(0.132+0.5C*)

Using partial fractions expansion we factor the term on the left side

1 A A A

(c*)(0-132+05c*) (c*) C* 0132+05C"

From here

1 (A +0.5A,)(C*) +(05A +0.132A,)C* +0.132A

(c*Y(0.132+05C") (c*Y(0.132+0.5¢*)

and equating equal numerator coefficients A =7.58; A, =—28.71; A, =14.36

Then,

58ch ac” .71ch ac® 14 GLCA dc”

. 4 ——-85.28[ dt
1.842 (C A) 1842 C 842(.132+0.5C 0

And after evaluating the integrals,

t=0.18h
Problem 2.10

NaOH
12.5 ZE— 4 xJa0H = 0.73 /901 with x}/*° (0) = 0.55 and x}'*°H = 0.75 — 0.08 u(t)

NaOH
dxs

12,5 —— = 0.73 x{"%" — x}/*% = 0.73(0.67) — x§*"



or

NaOH
dxs

12,5 —— =[04891 — x§"*°"] (1)

Using Separation of Variables

xéVaOH dXévaOH _ 1 t : NaOH xéVaOH
055  0.4891-xY0H = 125 fO dt =>> In(0.4891 — x3 )|0.55
_~NaOH t t
0489175 " _ o es  =>> x40H = 04891 + 0.0609¢e 125
~0.0609
and
t t
x40H = (0.4891 + 0.0609e 125 = 0.55 — 0.0609(1 — e 125)
Problem 2.11
a)

m%:ZFy =F, +F, +F =—mg —kv+2u(t)

0.05% =—-0.05(9.8) - 0.01v + 2u(t)

0.05% +0.0lv=-0.49+2u(t) with v (0)=0m/s

Using Separation of Variables

v 1 t
[t av, =200t
© 151-0.0lv, 0

and
v, (t) =1511-€°*) - v, (2)=151(1-€ ‘) =49.8 f%
b)
dv
mE=ZFy =F,+F, =-mg—kv

0.05% +0.0lv=-0.49

t
12.5



Using Separation of Variables
e — YT
498 -0.49-0.01v, 2

l 0
5 or(-049-001y, ) =20(t-2)

and using algebra

t=2-5In —0.49 =558
~0.49-0.01(49.8)

Thus, after the thrusts stop, the rocket continues upward for 3.5 seconds more.

Problem 2.12
a)
dv .
maz—kv with  v(0) =50m/s
%:v with  x(0)=0m
dt
b)
dv_ 100, _ 5o = j”ﬂ?o.zjtdt = Inv||, =-0.2t
dt 500 50 v 0 %

v=50e"* andfor v=1m/s, t=19.5s

jox dx = .[Olg'sv dt = 50];9'5 e % dt

50 .,.p195
_ e O.ZI‘

— =245m
0.2

X=



Problem 2.13

Going Up
+
ty
y=0 ground
E, =ma, = m < 1) 1eq 2 unk[S E
Zy—may—mg (1)1eq2un [Z y,vy]
Assuming no air resistance: YE =F =-mg (2) 2eq 2 unk

Substituting (2) into (1) and rearranging,

d -
% =—g (3) with v,(0) =35m/s

Maximum height is when v, = 0%
From (3)
f305 dvy = —g fot dt =>> vy|35 = —gtly =>> 0-35=—gt
t = 3.57 sec
We can also obtain an expression for v,,
Dy

t
dv, =—gJ dt
0

35
v, = 35— gt =35—-9.8t
For the maximum height,

dy
_=v

2 =, =>> [Vdy = [ v,dt = [[(35—9.8t)dt

y = 35t — 4.9t2

Then, att = 3.57 s Vax = 35(3.57) — 4.9(3.57)2



Ymax = 62.5m
Going Down

dv

= (4) 1eq.,2 unk [Z E, ,vy]

YE =ma, =m

Assuming no air resistance,

(5) 2 eq., 2 unk.

— =1 (6) 3 eq 3 unk[y]
Substituting (5) into (4) and rearranging,

ddiy —g =>> f Ydv, = —g fot dt =>> v,
Using (7) in (6):

=—gt (7)

d t
—y =—gt =>> [’ dy=—g[ tdt =>>y=625-49> (8)
Fort,y =0
t =3.57 sec
Problem 2.14

XE =ma, = mZ (1) 1leq.,2unk [XF,,v)]

Considering air resistance (drag force due to air)
YFE, =F +F;=-mg—10v|v, (2)2eq,2unk.
Egs (1) and (2) constitute the model for the velocity. For the position
d
d—jt/ = v, (3) 3 eq 3 unk [y]
: N
Units of 1 are

m72 '
S



Problem 2.15
YE =ma, = m% (1) 1eq.,3 unk [ZFy,m,vy]
Considering air resistance

YE =F+F;=—-mg—1.0v, (2)2eq.,3unk

dy
— = Uy (3) 3 eq.,4 unk [y]

We need one more equation; at this time there is still one degree of freedom. We
don’t really have any more equations but, there is a specification y(0) = 30 m
and after 3 sec, y(3) = 0 m, that we may use. So:

y(3)=0m (4) 4eq.,4unk
Substituting (2) into (1):
dv
md_ty = —-mg — 1.0v, = —1(mg + v,)
and using Separation of Variables,
vy, dv 1 _ vy t
nyVervy =——[dt =>> In(mg +v,)|,” = -—
+
in(mg +v,) ~In(mg) = — % =>> In (") = - -
t
vy=mg(e m—1) (5)

t
Substituting (5) into (3): % =mg (e‘E — 1)

t

f300 dy =mg f03 (e_% — 1) dt =>> 0—30= (—nge_ﬁ _ mgt) |(3)

3
—30 = —m?ge m + m?g — 3mg

By trial and error: m = 2.3 kg



Problem 2.16

dh
pAE+Cv\/ﬁ= wy + w,

When both inlet flows are shut-off, w, = w, = 0. So,

dh P hodh _ Gyt hoo_ Coot
PAE‘FCv\/E—O =>> f3_24\/_ﬁ— pAfo dt =>> 2Vh|3z, = pAt|0

h = (1.8—0.571t)?
Draintank: h = 0

t = 3.15min

Problem 2.17

a) For the first part, assume there is no chute that is, no frag force. In that case the
model is

md_ Fpe = & ~F, . /M=-16200/900 = -18 m/ s?
dt dt
Integrating once:
v=yv,—-18t 1)
Integrating again:
X=X, +V,t —9t? (2)

To find the stopping distance, set vo = 120, v =0, and X, = 0. Equation 1 is
rearranged to:

t = (v, —V)/18 =120/18 = 6.6666seC

This is the stopping time in the absence of a parachute. Substituting for t, vo and Xo
in Equation 2 yields the stopping distance:



X =X, +V,t —9t? = 0+120*(6.6666) —9* (6.6666)> = 400 m
This is twice the desired stopping distance so a parachute is needed.

b) Now the model is

dv 1
ma = "Fhrake _EpCDAV2

v(0) =120

d_, x(0) =0

dt
The goal is to find the chute area A that will result in a velocity of zero when the
position is 200 m. Then the chute diameter d can be found from A = nd?/4. This

problem can be solved analytically but it is somewhat tedious. Better yet is to
solve it using simulation, Chapter 11.

Problem 2.18

a) No parachute

d i
m%:ﬁ, =-mg with v, (0)=0m/s (1)
1 equation, 1 unknown [v,]
v, = % with Y(0) = Yinitia M (2)

2 equations, 2 unknowns [y]
b) After 10 seconds

From Equation 1, using Antidifferentiation,
Lvydvyz—9.8.|';dt = v, =-9.8tm/s

and at t=10s,v, |, =—-98m/s. From Equation 2,



J-y dy - J.(: Vy dt = y= yinitial _98_[; tdt= yinitial _4'9t2

Yinitial
and at t=10s, the distance covered iS y|,_;, = Yy —490m.

¢) Open parachute

dv .
md—ty:ZF:—mg—va with v, (0)=v, | _, =—-98m/s (3)

1 equation, 1 unknown [v, ]

y

d )
vV, = d—:/ with y(0)= y|t:10 = Yinitia —490M (4)

2 equations, 2 unknowns [y ]

From Equation 3, and using Separation of Variables,

v, dv mg + Pv P
Iy—y:‘i ‘ot = S ot o L(-10) =y, == (mg-98P)e " —mg
“%®mg+Pv, m 10 P {mg-98P m P
= 1 —2(t-10) _ -2(t-10)
v, = %[(980 ~19600)e ~980 |=-93.1e ~4.9 (5)

From Equations 4 and 5,

j ’ dy = Ltovy dt = j (—93.1 e 2010 _ 4.9)dt

t
Yinitial —490 10
Y = Vi —490+[ 46,5527 —4.9t ||}y = y, i,y —487.55+| 46.55¢ %"V —4.9t] (6)

From Equation 5 we obtain the time it takes to reach a velocity of -5 m/s. This

time is from the moment the person jumps from the building and equals 13.42 s.



